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I. INTRODUCTION
A METHOD of reconstructing the in-plane component of magnetization in a thin film by a combination of differential phase contrast (DPC) Lorentz microscopy and external field measurements has been demonstrated by Beardsley [1] . The core of the method was to separate the in-plane magnetization distribution into two two-dimensional (2-D) parts, one divergence-free and the other one curl-free. It was shown that the divergence-free part can be revealed unambiguously through DPC Lorentz microscopy measurements and the curlfree part from external field measurements of the out-of-plane component.
In this work, the method presented by Beardsley was developed by employing magnetic force microscopy (MFM) measurement to provide the information about the curl-free part of in-plane magnetization [2] and applying the method to granular films with arbitrary in-plane magnetization distributions [3] .
II. DPC LORENTZ MICROSCOPY AND MFM SIMULATION
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A. DPC Lorentz Image Simulation
A pair of DPC images were obtained by integrating the two orthogonal components of in-plane induction along an electron trajectory [3] . As the local Lorentz deflection angles are small (in the order of rad) the electron trajectory was modeled as a straight line. The electron beam was assumed to be infinitely narrow.
A model magnetization configuration was generated using a micromagnetic model of a thin film disk medium. In this model [4] - [6] cylindrical grains positioned either randomly or on a hexagonal lattice are assumed to be magnetized to saturation and the direction of the magnetization vectors allowed to rotate in three-dimensions (3-D). In simulations of thin film recording media, the out of plane ( direction) component of is negligible due to the shape anisotropy of the film, so that the output of the simulations is a film with in-plane and uniform through the thickness as required by Beardsley's analysis. Simulations of thin film recording media with variable anisotropy distributions and inter-granular exchange coupling can yield in-plane magnetization distributions with a wide range of characteristics and as such are an excellent model system to evaluate magnetization reconstruction techniques. The DPC simulation similarly allows random grain placement and employs periodic boundary conditions.
In a simulation with an infinitely thin electron beam, as the beam is scanned over the sample it may hit a grain at an arbitrary location or pass in between grains. In both cases, the field acting on the electrons should be calculated taking into consideration the grain geometry and the grain magnetic charge distribution.
The field at any point in space due to a film consisting of an assembly of grains was calculated using the superposition of the fields generated by individual grains in the assembly. If the field evaluation point and the particle generating the field were well separated, the perfect dipole approximation was applied. However, if the separation was less than 2 the grain diameter or the field calculation inside the grain body was required, the induction integral was calculated by integrating the field due to the surface charge over the grain surface 0018-9464/98$10.00 © 1998 IEEE (1) where indexes all the nearest grains located within range from the field point, all the distant grains approximated as dipoles, and all elements of a grain surface. The integral of magnetization is included only when the electron path hits a grain.
The integration over the grain surface has been performed numerically by discretizing the grain surface into small surface elements and calculating the sum of all incremental fields. The field integrals along an electron path have been derived analytically. The infinite integration limits have been substituted by real values large compared to the sample dimensions (from 100 m below the sample surface to 100 m above it).
The formulas for calculating the induction integrated within limits due to a surface element are
where is the element surface charge density, , , and are the components of the displacement vector, and is the element area. The formulas do not depend on the element shape.
The formulas for calculating the integrated induction due to a dipole are shown below.
(4) (5) where is the dipole volume, , , and are the components of the displacement vector, , , and are the dipole magnetization components and (6)
The integrals , , and may be solved analytically (9) (10) (11) where and .
B. MFM Image Simulation
The MFM simulation was based on the "reciprocal force" approach proposed by Wright and Hill [7] . This approach considers the force acting on the sample, which is, according to Newton's third law, equal but opposite to that acting on the tip. The force derivative is expressed as a scalar product of the tip second derivatives (tip sensitivity functions) and the sample magnetization components integrated throughout the entire magnetic volume of the sample. This integration was performed numerically by calculating the sum of the incremental force drivatives acting on all grains (dipoles) comprising the sample. If the sample magnetization can be approximated by a distribution over a rectangular lattice then the force acting on the sample may be obtained by calculating a 2-D discrete convolution of the sample magnetization and the tip sensitivity function calculated at the lattice nodes. In the case of irregular magnetic structures, the approach requires spatial modification of the magnetization distribution in order to redistribute it in plane on a rectangular lattice. This was done on the basis of Euclidean distance, i.e., each node of the rectangular lattice has been given the characteristics of the nearest grain of magnetic material. The convolutions of the tip field functions with the sample magnetization components have been performed in frequency domain using the 2-D fast Fourier transform (FFT) method.
The tip field derivatives have been calculated by considering the tip magnetic volume as a volume distribution of dipole sources (only the stray field is required). The magnetic material of a solid tip has been discretized into a number of small cubic elements of dimensions increasing toward the tip base. The incremental volume elements have been determined to be small compared to the tip-sample distance.
A coated pyramidal tip was modeled with the parameters of a commercially available NanoScope MESP(W) tip [8] . The field due to the tip magnetic coating was calculated by subtracting the fields due to two solid tips that have been displaced relative to each other by a distance corresponding to the coating thickness.
III. MAGNETIZATION RECONSTRUCTION
According to the argument presented in [1] , the divergencefree part of the in-plane sample magnetization is revealed by the DPC Lorentz microscopy, which measures the path integral of the in-plane field (12) where is the in-plane vector in real space, is the integrated field as measured by DPC Lorentz microscopy, and is the film thickness.
The curl-free part of the in-plane sample magnetization produces a magnetic field outside the medium and only that component can be reconstructed from external field measurements either by MFM or otherwise. The formula for reconstructing the curl-free part of magnetization using the signal obtained in MFM measurement was given by Madabhushi et al. [2] ( 13) where is the Fourier transform of the MFM image and are the Fourier transforms of the and components of the dipole response function of the MFM imaging system. In this work, the tip sensitivity function was used in place of (this function qualitatively represents the same profile as the dipole response function obtained experimentally by imaging a magnetic nanoparticle). It was assumed that the coercivities of the sample and tip were sufficiently high that tip-sample perturbations could be ignored.
The simulated DPC Lorentz and MFM measurements were combined to reconstruct the magnetization in a thin film as shown in Fig. 1 . In the case of random grain structures, the DPC image consisted of a set of randomly positioned points (one per grain) and this was converted to a rectangular lattice corresponding to that of the MFM image in the same manner as the transformation of the magnetization prior to MFM imaging. It would be possible to transform the magnetization prior to DPC imaging, but the packing fraction of the lattice could not be maintained without allowing grains to overlap. In the DPC simulations the image is strongly sensitive to grain geometry and thus the random lattice was retained until after DPC simulation.
IV. RESULTS

A. Reconstruction in Ideal Conditions
The magnetization was reconstructed using DPC and MFM simulations applied to granular hexagonal structures. The divergence-free part of the magnetization was determined directly from the simulated DPC measurements of the thin film in real space according to (12) . The curl-free part was found from the MFM measurement. First the tip sensitivity function was calculated and then convolved with the magnetization pattern redistributed on a rectangular lattice to obtain MFM image of the film. Then the Fourier transforms of the tip sensitivity functions and MFM image were calculated and used in (13) to find the curl-free part of the magnetization in Fourier space which was then transformed back to real space.
The method of reconstructing the curl-free part of the magnetization should work for any tip/cantilever orientation as long as the particular tip sensitivity function is used to deconvolve MFM images taken by the same tip under identical imaging conditions. If the cantilever is tilted, the tip sensitivity function consists of a number of weighted components [9] that can be superimposed to form the overall tip sensitivity function and thus (13) may be used directly without decomposition.
The DPC and MFM simulations used to reconstruct the in-film magnetization distribution were performed assuming periodic boundary conditions of the structure and thus both the periodicity requirements of the FFT's implemented to reconstruct magnetization and the identical conditions for the two measurements have been satisfied.
The DPC images have been calculated for electron paths passing through grain centres and then redistributed on a rectangular lattice. The MFM images have been calculated for grains redistributed on a rectangular lattice aligned with the one defined for DPC images. The rectangular lattice has been set so that one-to-one correspondence between the lattice nodes and the grain positions has been accomplished for a hexagonal-packed film. For random film structures the lattice parameter is adjusted to provide as close to one-to-one correspondence as possible.
The example employs a realistic magnetization distribution obtained after micromagnetic simulation of magnetization transitions in a thin film recording medium. Fig. 2(a)-(d) shows the component (along the track direction) of the original magnetization, the divergence-free part of magnetization, the curl-free part, and the reconstructed magnetization, respectively. The bright grey level indicates the positive direction of the component, the dark grey level negative direction, and the mid-gray level magnitudes close to zero. The curl-free part was found from the MFM image of the structure shown in Fig. 2(e) . As can be seen, all the details of the magnetization distribution have been reconstructed accurately.
Detailed diagrams of the original and reconstructed magnetization sections taken from the locations shown in Fig. 2(a) are shown in Fig. 3 . Fig. 3(a) shows a fragment of the DC erased area (ripple structure) and Fig. 3(b) shows a fragment of a transition area (zigzag transition, vortices). In the diagrams, the vector plot of the original magnetization distribution was overlaid by the reconstructed magnetization distribution. Although there is some variation in the magnitude of the reconstructed magnetization (maximum 30%), the magnetization direction was reconstructed accurately and the characteristic details (ripple, zigzag, and vortices) may be clearly detected.
B. Reconstruction in the Presence of Noise
In order to fully exploit the method of reconstructing the curl-free part of magnetization from MFM images, it should be noticed that the high frequencies present in the MFM image (e.g., noise) are boosted during reconstruction of the curl-free 
where and are the Fourier transforms of magnetization distribution and the tip sensitivity function, respectively.
The tip sensitivity function transform represents a bandpass filter transfer function with the low cutoff frequency close to zero (rigorously, the function passes all frequencies above but not equal to zero). In the process of forming the MFM image, the high frequencies present in the magnetization distribution are filtered. Thus a low frequency image is produced, characterized by a cutoff frequency resulting from the finite sharpness of the distribution of the stray fields due to the tip.
In Fourier domain, the curl-free part of the magnetization is reconstructed by a point-by-point division of the MFM image transform and the tip sensitivity function transform or, in other words, the multiplication of the MFM image transform and the inverse of the tip sensitivity function transform, which represents a highpass filter transfer function (rigorously, the zero frequency is also transferred but it is not considered as the result of the reconstruction is indeterminable for , see (13). Thus, any frequencies that appear in the MFM image and are above the cutoff frequency of the image are boosted and manifested in the reconstructed magnetization. This effect was found to be so strong that if high frequency noise of amplitude 0.1% of the peak MFM signal was added to the simulated MFM image, the reconstructed image was reduced to a chessboard like magnetization pattern. Thus the MFM image should be filtered with a lowpass filter of cutoff frequency equal to that of the tip sensitivity function before successful reconstruction may be performed.
The effects of the noise presence on the magnetization reconstruction process have been investigated as follows. First the DPC and MFM images of the initial magnetization distribution have been calculated. Then a normally distributed white noise with mean 0.0 and variance 10% of the peak signal value has been generated independently for each of the DPC , DPC , and MFM images. The components of the DPC image with added noise have been used to reconstruct the divergence-free part of magnetization according to (12) . The DPC image noise transfers linearly to the divergence-free part of magnetization. According to the argument presented above, the MFM image with high frequency noise added has been filtered to remove the high frequency contents before the reconstruction formula was applied. The filtering has been performed in frequency domain [10] (15) where and are the Fourier transforms of the MFM image with noise added and the filtered MFM image, respectively, and is the filter transform function. In this work, a 2-D ideal lowpass filter has been employed if if
where is the filter cutoff frequency. The filter cutoff frequency has been set to the cutoff frequency found from the Fourier transform of the tip sensitivity function. If the filter cutoff frequency is above the cutoff frequency of the tip sensitivity function, the high frequency noise components which remain in the MFM image are boosted during reconstruction resulting in a strong high frequency component in the reconstructed magnetization. If the filter cutoff frequency is below the cutoff frequency of the tip sensitivity function, the resolution of the reconstructed image is reduced. Fig. 4(a) and (b) shows the component of the original and reconstructed magnetization, respectively. The reconstruction was performed in ideal conditions. The 2-D magnetization distribution was obtained after a micromagnetic simulation with a high exchange coupling parameter and resulted in transition width nm. In the reconstructed image, a very low level signal of high frequency may be noticed. This signal has been introduced during the reconstruction of the curl-free part of magnetization from the MFM measurement as a result of numerical errors. Fig. 4(c) and (d) shows the original and reconstructed magnetization of a magnified fragment of the structure. As can be seen, the direction of the reconstructed magnetization is in an excellent agreement with the original one. The magnetic details and features (e.g., vortices) have been reconstructed accurately and may be easily detected. In the original structure, the grains are magnetized to saturation magnetization and thus the magnetization magnitude is the same for all grains. The reconstructed magnetization magnitude varies at a few points by up to 35% with respect to the original magnitude. The likely explanation for the local variations of reconstructed magnetization magnitude is the disalignment between the measurement points of the DPC and MFM measurements. In the case of DPC simulation, the measurements through the grain centers were performed and then shifted to the rectangular lattice nodes to align it with MFM measurements. The MFM simulation was applied with the grains already shifted to the rectangular lattice nodes. Thus, effectively, in the two measurements, the grains are distributed on different lattices and therefore the field distributions are different. In general, the degree of agreement between Fig. 4(c) and (d) suggests that this effect is not significant.
The effects of filter cutoff frequency in the region of the cutoff frequency of the tip sensitivity function are shown in Fig. 5 . Noise with a normal distribution and 10% of the maximum signal value has been added to the DPC and MFM images. In Fig. 5(a) , the spectrum of the MFM image with the noise added has been filtered above the circle of radius 28 transform coefficients ( 14 m ), which shows visible deterioration in the image by boosting high frequency noise. In Fig. 5(b) , the spectrum above the circle of radius 10 transform coefficients ( 5 m ) has been filtered, which shows the reduced resolution which results from excessive filterings.
The degree of linear association between the initial and reconstructed magnetization, and , respectively, has been estimated by calculating the correlation coefficient [10] [see (17) located at the bottom of the following page]. The correlation coefficient is scaled in the range to and independent of scale changes in the amplitude of and . Table I shows values of correlation coefficients between the original and reconstructed magnetization components and the extents of the normalized reconstructed magnetization magnitude (normalized magnetization magnitude of the original magnetization was constant for all grains and equal 1.0). As shown, the magnetization components are reconstructed with high accuracy in the presence of noise and therefore the magnetization direction may be determined accurately.
V. DISALIGNMENT BETWEEN THE DPC AND MFM MEASUREMENTS
As the magnetization reconstruction requires data from two independent microscopy techniques, it is likely that disalignment and scaling problems will occur.
The structure shown in Fig. 2 has been considered. As a result of periodicity in the original micromagnetic simulations, the DPC and MFM images are also periodic. In such a periodic image, a displacement results in the section of the image which moves out of one end reappearing at the other, so that a displacement in a periodic image is modeled by a cyclic rotation of values within the 2-D image matrix. Disalignment of the MFM and DPC images was modeled by horizontal and vertical rotation of the MFM image with respect to the DPC image. elements (grains) in both the and the directions. This disalignment corresponds to 0.14 m and 0.12 m in the and the directions, respectively. The effects due to the direction displacement manifest noticeably in the transition regions due to the direction displacement of the reconstructed curl-free magnetization component. In the presented case, the MFM image was rotated in and directions which resulted in a curl-free component shifted in and directions, respectively. Thus, in the regions of negative transitions (transitions from positive to negative magnetization), an uncompensated negative component was introduced due to the disalignment. Similarly, in the regions of positive transitions (transitions from negative to positive magnetization), an uncompensated positive component was introduced due to the disalignment.
The effects due to the direction displacement manifest noticeably at the track edges due to the direction displacement of the reconstructed curl-free magnetization component. Thus the magnetization in the DC erased region close to the track edges is not reconstructed accurately. Fig. 7 shows the detailed diagrams of the original and reconstructed magnetization section taken from the transition location shown in Fig. 2 for measurements disaligned by one and five grains in the and the directions. In the diagrams, the vector plot of the original magnetization distribution was overlaid by the reconstructed magnetization distribution.
In the case of disalignment which is small compared to the transition width, Fig. 7(a) , the direction (components) of the reconstructed magnetization is in good agreement with the original one. When the disalignment is comparable with the transition width, Fig. 7(b) , the magnetization in the transition region cannot be reconstructed accurately. As may be seen, within the transition region an uncompensated negative component was introduced due to the disalignment.
It may be concluded from these results that the acceptable disalignment of the measurements and the imaging resolution that would allow for magnetization reconstruction should be a fraction of the feature size to be reconstructed.
The MFM and DPC measurements may be aligned and scaled using methods based on characteristic topographical features or markers. A simple preliminary method may employ DPC and MFM image characteristics. Fig. 8(a) shows the normalized variance of the DPC signal taken across the width of the track and the normalized average of the MFM signal taken across the width of the track, both plotted as a function of distance along the track for the structure shown in Fig. 2 .
The strongest variations in the DPC image and the pulses in the MFM response appear along the centers of zigzag transitions. As may be seen, these two characteristics are spatially correlated and may be used to accurately align the two measurements in a horizontal direction (maximum of the cross correlation between the two characteristics may be used). Fig. 9 shows the normalized variances across the track width of a typical experimental DPC image which clearly shows the sharply defined transition centers, indicating that alignment and scaling would be possible by this method.
Cross track alignment and scaling may be obtained using the DPC image profile taken across the track from the DC erased region to the written bit with the opposite direction of magnetization and the track edge found from the MFM image. Fig. 8(b) shows the normalized absolute value of the first derivative of the DPC signal plotted across the track from the DC erased region to the written bit with the opposite Fig. 9 . Experimental DPCx characteristic. direction of magnetization averaged along the length of the bit. The normalized absolute value of the first derivative of the MFM signal variances taken along the track direction is also plotted across the track width. The profiles were obtained for the structure shown in Fig. 2 . The locations of the strongest peaks, which determine the track edges, are correlated and may be used to accurately align and scale the two measurements in the cross track or direction.
VI. DISCUSSION
Along with the high measurement resolutions and spatial alignment required between DPC and MFM experimental measurements, other factors should be considered before magnetization reconstruction may be performed.
Firstly, as the experimental images contain noise of various origins it may be appropriate to apply a filtering technique either in spatial or frequency domain. This would undoubtedly be necessary in the case of reconstructing the curl-free part of the magnetization from MFM images due to the described high frequency boost effect. Image filtering techniques are well covered in a number of books on digital image processing for example [10] .
At this point it should be noted that the high frequency boost effect may be minimized by modifying the tip response function. In this work, the high frequencies from the MFM image were removed by applying a lowpass filter. When the magnetization was reconstructed using the original inverse tip response function and the filtered MFM image, the high frequency characteristic of the inverse tip response function was insignificant as the high frequencies had been removed. The equivalent effect may be obtained by using the modified inverse tip response function (with the gain limited above the cutoff frequency of the tip response function) and the original MFM image. Then it would be possible to form the inverse tip response function in order to optimize the magnetization reconstruction procedure.
Secondly, the experimental measurements may be taken on different scanning rasters and thus a scaling procedure may be required so that the measurements consist of the same number of points distributed over similar spatial locations of the sample.
Further attention should be given to the periodicity requirements of the FFT implemented to reconstruct the curl-free part of magnetization from MFM images. For example, a contradiction may arise when the limits of the chosen area of the track occur at transitions of the same sign. The FFT assumes periodic structure repetition and thus when applied to the chosen structure effectively acts on two consecutive transitions of the same sign. This may be avoided by choosing the area of the MFM image that is periodic or by multiplying the raw image by a window function [2] .
In order to perform a practical experiment it would be necessary to determine the tip sensitivity function. This is a demanding practical problem, but might be achieved by imaging small well-characterized samples such as single domain nanoparticles [11] , magnetization patterns equivalent to a single dipole source [12] , or nanowires. In the case of high moment or low coercivity tip or sample materials, tipsample perturbations will create additional problems with this approach.
VII. CONCLUSION
Two models of magnetic microscopy, DPC mode of Lorentz transmission electron microscopy and MFM, have been developed and the simulated measurements were used to reconstruct the in-plane magnetization in a granular thin film. The models assume realistic film granularity and arbitrary 3-D magnetization distributions. A more practical approach toward magnetization reconstruction has been achieved than reported previously, which is based upon realistic techniques. The effects of noise presence and misalignment in the reconstruction process have been considered and the possible difficulties concerning magnetization reconstruction from experimental data have been discussed.
The very high degree of agreement between the original and reconstructed magnetization obtained for a granular film in the presence of noise leads to a prediction that magnetization reconstruction can be carried out using experimental data provided that high resolution imaging and precise spatial alignment is achieved. Magnetic features like vortices and zigzag domain walls may be reconstructed accurately. Results show that the acceptable disalignment of the measurements and the imaging resolution that would allow for magnetization reconstruction should be a fraction of the feature size to be reconstructed.
Magnetization reconstruction from experimental measurements will require some development and presents a challenging direction for the future.
